Quantum and classical theories are proposed of scattering of high energy electrons in ultrathin crystals. The quantum theory is based upon a special representation of the scattering amplitude in the form of the integral over the surface surrounding the crystal, and on the spectral method of determination of the wave function. The classical theory is based upon the solution of the equation of motion by numerical methods. The comparison is performed of quantum and classical differential cross-sections of scattering in the transitional range of crystal thicknesses, from those at which the channeling phenomenon is not developed up to those at which it is realized. It is shown that in this range of crystal thicknesses substantial difference of quantum and classical scattering cross-sections takes place for the electrons with the energy up to tens of MeV. With the energy increase such difference decreases but some quantum effects in scattering still remain.
Introduction
At passing of high energy charged particles through crystals the phenomenon of channeling is possible, at which the particles move inside the channels formed by crystal atomic strings or atomic planes, being periodically deviated to small angles from the channel direction [1] [2] [3] . In ultrathin crystals the channeling phenomenon is not developed (see Fig. 1 ).
However, there remains the possibility of appearance of several coherence and interference effects at interaction of particles with crystal atoms (at high energies the attention to this fact was paid in the works [4] [5] [6] ). Such phenomena take place in several electromagnetic processes at high energies in crystals, such as scattering, radiation and electron-positron pairs creation (see reviews and books [3, [7] [8] [9] [10] devoted to this topic, and references therein).
The present work is devoted to the development of classical and quantum theories of high energy charged particles scattering in transitional range of crystal thicknesses, from those at which the channeling phenomenon is not developed up to those at which this phenomenon is realized. Quantum theory is based upon the special representation of the scattering amplitude [11] in the form of the integral over a surface surrounding the region of influence of external crystal field onto the particle (in the considered problem this corresponds to the field of entire crystal), and upon the development of numeric methods of calculating of the wave function inside the crystal, that is realized by using the so-called spectral method of solving wave equations [12] [13] [14] [15] [16] . The classical theory is based upon the solution of the particle motion equation by numerical methods [17] . The main attention was paid to a b the comparative analysis of quantum and classical characteristics of the scattering process at different crystal thicknesses and particle energies.
Let us note that in the last years new possibilities have opened to carry out experimental research in this field, that is connected with the development of technologies of ultrathin crystals production for the accelerator experiments, and improving of the beam parameters [18, 19] .
Thanks to this, new possibilities open for discovering quantum and classical effects in scattering discussed in the present paper.
Quantum theory
Let us consider the scattering of relativistic electrons incident onto a thin crystal along one of its crystal axes. Differential scattering cross-section and scattering amplitude in this case are defined by the following formulas
where ϑ is the scattering angle, ( ) ψ r -wave function of the electron passing through the crystal, u′ and ′ p -respectively bispinor and momentum of the scattered electron, and ( ) U r -potential energy of interaction of the electron with the crystal lattice field (we use the system of units in which the light velocity is equal to one, 1 c = ).
At falling of fast particles onto the crystal along one of its axes (we will call it z axis) the correlations between consequent collisions of the particle with the lattice atoms are substantial. As a result of these correlations, the particle motion is defined mainly by the continuous potential of crystal atomic strings situated parallel to the z axis, being the lattice potential averaged along this axis [1] [2] [3] :
where L is the crystal thickness and ρ -the co-ordinates ( ) , x y in the plane orthogonal to the z axis.
The crystal lattice potential is localized in the region of influence of the external field onto the particle. The scattering amplitude (2) in this case, with use of the Gauss theorem, can be presented in the form of integral over a closed surface surrounding the external field region [11] :
where dS is the element of the surface surrounding the crystal. It is also substantial that the surface integral in (4) does not depend on the surface form. The only requirement here is that this surface surround the entire area of the external field action. In the considered problem it is convenient to choose as such a closed surface a cylinder whose bases coincide with the crystal sides (see Fig. 1 ). By neglecting the contribution of the cylinder lateral side parallel to the z axis in the surface integral (4), we come to the following expression for the scattering amplitude (4): 
where ′ = − q p p is the momentum transmitted to the crystal at scattering.
The electron wave function in the external field ( ) U r is a solution of the squared Dirac equation [3] ( )
where m and ε are the particle mass and energy respectively, and
For ( ) Φ r we come to the following equation:
is the particle velocity, ˆi = − ∇ p , the momentum operator and the z axis is directed along p .
Characteristic values for the scattering angles of high energy electrons in thin crystal are small compared to one. In this case, at resolving the eq. (8) we can neglect the spin effects in scattering (spin-field interaction) and the terms proportional to 2 2 U ε and 
we get the following equation for ( )
where
The solution of (10) inside a thin crystal can be found with use of numerical methods based upon the spectral method that was used for defining eigenstates in the complicated configuration fields [12] [13] [14] [15] [16] . By using this solution for the wave function ( )
at z L = , the scattering cross-section and amplitude in the region of small scattering angles can be written in the form:
where 
Classical theory
Now let us consider the fast electrons scattering in thin crystal on the basis of classical mechanics. The particle motion in this case is defined by its classical trajectory being the solution of classical equations of motion and satisfies to the given initial conditions.
The differential scattering cross-section in classical mechanics corresponds to the elementary surface in the impact parameter space from which the particle is scattered to the elementary solid angle
For calculating this cross-section we need to find the deflection function of the particle in external field
, that is the dependence of the particle scattering angle ( ) (14) is performed over the single-valued branches of the deflection function.
The formula (14) for the scattering cross-section can also be written in the form:
Let us note that this expression for the classical scattering cross-section can be easily obtained from the quantum one (11) in the frames of the quasiclassical approximation of quantum mechanics, in the case of a single-valued correspondence between the particle's scattering angle and its impact parameter.
In the common case the deflection function can be expressed via classical particle trajectories after their exit from the external field area (in our case from the crystal). At small scattering angles this dependence is defined by the relation
where ( )
is the transversal component of the particle velocity at z L = .
The velocity ( )
The solution of (17) can be found on the basis of numerical methods (see, e.g., [17] ) for a large number of particles falling onto a crystal at different values of impact parameters. This lets one develop the procedure of numerical calculation of the scattering cross-section for a particle beam falling onto a crystal with random nut uniformly distributed impact parameters. At this, the probability of the particles scattering into the solid angle interval ( ) , d + ϑ ϑ ϑ is defined by the relation of particle number ( ) dN ϑ that exited into this interval, to the full number of incident particles N . The scattering cross-section is connected with dN by the relation
where S is the transverse size of the crystal surface on which the particles fall down.
Comparative analysis of quantum and classical effects in scattering
On The calculations based upon the classical theory were performed for 7 10 particles falling onto the crystal with the impact parameters randomly distributed over the elementary cell in its transverse plane.
In Fig. 2 and Fig. 3 we present the results of calculations of quantum and classical scattering cross-sections for ultrarelativistic electrons in Si crystals in the transitional thickness range, from those at which the channeling is not developed to those where this phenomenon is realized.
The results obtained testify that the picture of angular distributions of the particles scattered by crystal is quite complicated, being substantially . So, for such energies the condition ψ ϑ Δ << Δ is quite reachable in the experiment.
As the full particle energy increases, the distance between the interference maxima decreases, and the quantum scattering picture approaches to the classical one.
Note that in the considered range of thicknesses the quantum levels of transverse motion are still not developed (for these levels to be formed it is necessary that the particle perform at least a few oscillations inside the channel). At the same time, in this thickness range there realizes a substantial rearrangement of the wave packet (plane wave) falling onto the crystal, that is connected with the periodicity of the atomic strings positions. Due to this rearrangement, the formation of interference maxima in angular distributions of scattered particles is realized. Let us also pay attention to that with the target thickness increase the values of scattering cross-section in these that substantially exceeds the distance a between the string atoms (see Fig. 3 ). This, in its turn, must result in an oscillatory dependence of electron radiation characteristics in the crystal, and moreover, such an effect is possible for single electrons. The detailed analysis of such effects, however, exceeds the frames of the present work.
Note that the structure of the obtained quantum angular distributions of scattered particles is analogical to the structure of angular distributions of particles obtained in the electron microscopy (see, e.g. [26, 27] ). In the considered problem, however, we deal with the particles whose energies substantially exceed those of the particles used in the electron microscopy.
Moreover, in the electron microscopy the analysis of the process of particle scattering is performed on the basis of two-and many-wave formalism. In the present work such analysis is performed on the basis of the spectral method particles in crystal to the classical one, the rainbow scattering phenomenon, radiation in the transitional region of crystal thickness at which the channeling regime is still not formed, etc. This method can also be applied to the problems connected with the electron microscopy.
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